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The opportunity to build quantum technolo-
gies operating with elementary quantum sys-
tems with more than two levels is now increas-
ingly being examined, not least because of the
availability of such systems in the lab. It is
therefore essential to have a thorough under-
standing of how these systems decohere due to
their coupling with the environment. In this
work, we present a general study of depolarisa-
tion, both isotropic and anisotropic, of a quan-
tum spin of arbitrary spin quantum number j.
We approach this problem from the perspec-
tive of the collective dynamics of a system of
N = 2j constituent spin-1/2, initially in a sym-
metric state, undergoing collective depolarisa-
tion. This allows us to use the powerful lan-
guage of quantum information theory to anal-
yse the fading of quantum properties of spin
states caused by depolarisation. In particular,
we identify the most superdecoherent states
for any number of spins and establish a con-
nection between superdecoherence and entan-
glement. We also highlight the specific role of
anticoherent spin states for isotropic depolari-
sation.
1 Introduction
The elementary building blocks for storing and pro-
cessing information on quantum devices are quantum
bits or qubits. Qubits are controllable two-level quan-
tum systems that can take very different forms, from
the spin of an electron in NV centres, to trapped ions,
neutral atoms in optical lattices, photons or supercon-
ducting circuits. A key figure of merit for the quality
of a qubit is its coherence time, i.e. the time during
which it can reliably store information or remain in
a quantum superposition of states before decoherence
transforms it into a statistical mixture of states. Ef-
forts to use elementary quantum systems with more
than two degrees of freedom for quantum technologies
have been intensified by the availability of such sys-
tems in experiments operating in the quantum regime.
These so-called qudits can be implemented with a va-
riety of systems, e.g. using the orbital angular mo-
mentum of light [1], the electronic spin of magnetic
atoms [2], the internal levels of trapped ions [3], su-
perconducting circuits [4] or the rotational degree of
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freedom in molecules [5]. This work aims to explore
fundamental questions related to the decoherence of
these qudits or, equivalently, of individual spins of ar-
bitrary spin quantum number j. No general study
exists that addresses the questions: Which states, for
any spin, are most prone to decoherence on short time
scales but also on longer time scales ? How fast does
non-classicality of a spin state fade over time due to
decoherence ? How long does it take before a spin
state becomes absolutely classical, in the sense that
non-classicality of the state cannot be revived solely
by applying unitary transformations ?
More precisely, in this work, we study depolarisa-
tion under strict conservation of energy between the
spin and its environment [6,7]. This condition, which
stems from thermodynamic considerations and ap-
plies to every microscopic model of decoherence that
leads to a Markovian master equation, induces con-
straints on decoherence rates. The problem of the de-
polarisation of a single spin-j can be mapped onto the
collective decoherence of N = 2j spin-1/2 initially in
a symmetric state. As we shall see, the time evolution
has two important properties: it is unital and it pre-
serves separability. The general dynamics is then as
follows (for depolarisation in at least two directions):
An initial pure state |ψ0〉 evolves into a mixed state
ρ whose purity
R(ρ) ≡ Tr[ρ2] (1)
decreases monotonically with time as ρ converges to




2j + 1 , (2)
proportional to the identity operator 1 on H ' C2j+1.
In the course of this evolution, the entanglement ini-
tially present, which we quantify by the negativity
across different bipartitions of the N spin-1/2 sys-
tem, decreases and ends up vanishing, leading on the
way to bound-entangled states with respect to cer-
tain bipartitions. Once the state becomes separable,
which occurs after a finite time, it remains separable
at any subsequent time. The state eventually enters
the ball of absolutely separable states and no entan-
glement can be recovered by unitary evolution alone.
We want to study how fast quantum correlations de-
crease over time, which pure states decohere the most
rapidly (superdecoherent states) or how long it takes
before the state enters a ball of absolutely separable
























standing of the dynamics of decoherence associated
with collective depolarisation processes.
This paper is organized as follows. In Sec. 2, we
introduce the tools needed for our work. In Sec. 3,
we present the Lindblad master equation describing
the depolarisation of an arbitrary spin and its expres-
sion in the multipole operator basis. We discuss a
conservation law for the dynamics, its steady states
and a general solution for the density matrix and its
reductions. In Sec. 4, we study isotropic depolarisa-
tion, from the evolution of purities, the condition of
appearance of superdecoherence, the identification of
the states most sensitive to decoherence to the dy-
namics of entanglement. Finally, in Sec. 5, we study
the same type of questions for anisotropic depolarisa-
tion. Most of the technical derivations of this work
are relegated to the appendices.
2 Spin states, classicality, anticoher-
ence and entanglement
In this section, we introduce the concepts and tools
about spin states useful for this work, such as some
of their representations (subsec. 2.1), the notions of
classicality and absolute classicality (subsec. 2.2), the
concept of anticoherence (subsec. 2.3) and the isomor-
phism between spin states and symmetric multiqubit
states (subsection 2.4) enabling us to use the tools of
quantum information theory.
2.1 Representations of spin states
Let ρ be a density operator describing the state of
a spin-j quantum system. In this work, we will use
several different representations for ρ.
Angular momentum basis. A first representation
of ρ follows from its expansion in the eigenbasis of the






where |j,m〉 are the standard angular momentum ba-
sis states satisfying
Ĵ2|j,m〉 = j(j + 1)~2|j,m〉,
Ĵz|j,m〉 = m~|j,m〉,
(4)
for m = −j, . . . , j. For a pure state such as a spin-
coherent state |n〉, which is defined as the eigenstate
of the angular momentum component J · n along the
unit vector n ∈ R3 with maximal eigenvalue ~j, the












n = (sin θ cosϕ, sin θ sinϕ, cos θ)T (6)
with θ ∈ [0, π] and ϕ ∈ [0, 2π[.
Multipole operator basis (MPB). Alterna-
tively, one can expand the density operator ρ in terms
of multipole operators TLM (see Appendix A.1 for a






ρLM TLM . (7)
For example, in the multipole operator basis, a spin-











(2j − L)!(2j + L+ 1)!
Y ∗LM (Ω), (9)
where YLM (Ω) are the spherical harmonics and Ω ≡
(θ, ϕ). Equation (9) shows that in the case of spin-
coherent states, all the state multipoles from L = 0
to L = 2j are non zero.
For future use, we note that, in the MPB, the purity







Overcomplete basis of spin-coherent states.
Another representation, valid for any linear operator
acting on H, follows from the fact that spin-coherent
states form an overcomplete set from which the iden-
tity operator can be expressed as
1 = 2j + 14π
∫
|n〉〈n| dΩ (11)
with dΩ = sin θdθdϕ. As for bosonic states, spin
states admit a diagonal or P representation [9]
ρ = 2j + 14π
∫
Pρ(Ω) |n〉〈n| dΩ, (12)
with Pρ(Ω) the P function of ρ. There is, however,
one important difference from the bosonic case which
is that the P function is not unique, see e.g. [10].
The link between the last two representations is
made by expanding the multipole operators in terms




















(2j − L)!(2j + L+ 1)!. (14)
By inserting Eq. (13) into Eq. (7), one can deduce the
expression of a valid P function for ρ in terms of its








L ρLM YLM (Ω). (15)
2.2 Classicality of spin states
Classical spin state. A spin state ρ is said to be
classical if it can be written as a convex combination
of spin-coherent states, i.e. if there exists a function
Pρ(Ω) > 0 ∀ Ω such that Eq. (12) holds [11]. Oth-
erwise, it is said to be non-classical. Because the P
function is not unique, a classical state may also be
described by other P functions taking negative values
for certain values of their arguments [10].
Absolutely classical spin state. A spin state is
said to be absolutely classical when it is classical and
remains classical under any global unitary transfor-
mation U acting onH. Absolutely classical spin states
can only be mixed states, an example being given by
the MMS ρ0 [see Eq. (2)].
Distance to the maximally mixed state. We
define the distance r of a state ρ to the MMS by writ-
ing
ρ = ρ0 + r ρ̃ (16)
where ρ̃ is a traceless and normalized operator accord-
ing to the Hilbert-Schmidt norm, i.e. Tr(ρ̃) = 0 and
Tr(ρ̃2) = 1. A simple calculation shows that r can be




where R(ρ0) = 1/(2j + 1) is the purity of the MMS.
The maximum value
√
2j/(2j + 1) for r is reached for
any pure state, whereas its minimum value 0 is only
reached for the MMS. Around the MMS, there are
balls of absolutely classical states. A lower bound for
the maximal radius of such balls has been obtained in












The lower bound (18) decreases exponentially for
large spin quantum numbers as 4
√
π(2j)− 34 2−2j−1.
When r 6 rmax, the state (16) is guaranteed to be
absolutely classical.
2.3 Anticoherent spin states
A spin state ρ will be said to be anticoherent if it
verifies [12]
〈Jn〉 ≡ Tr[ρ(J · n)] = 0 (19)
for any unit vector n ∈ R3. From a physical point of
view, anticoherent states are the most isotropic spin
states, since the spin expectation value 〈J〉 = 0 does
not identify a preferred direction in space. The defin-
ing property (19) is that of anticoherence to order
1. It can be generalized to higher orders of antico-
herence by requiring that higher moments of (J · n)
are independent of n, thereby reinforcing the isotropic
character of the state. For example, anticoherent
states to order 2 are defined as spin states for which
Tr[ρ(J · n)] = 0 and Tr[ρ(J · n)2] = c with c > 0 inde-
pendent of n. More generally, for any integer q > 0,
a state ρ is anticoherent to order q – or simply q-
anticoherent – if Tr[ρ(J · n)q] does not depend on n.
Paradigmatic examples of spin anticoherent states to
order 1 (but not higher) are Schrödinger cat states
1√
2 (|j, j〉+ |j,−j〉) and the states |j, 0〉 for integer j.
Anticoherent states are best described in the mul-
tipole operator basis, where a state is anticoherent to
order q if and only if its state multipoles vanish for
L = 1, 2, . . . , q [13], or
ρ is q−anticoherent
⇔
ρLM = 0 ∀ L = 1, . . . , q,
∀M = −L, . . . , L
(20)
A q-anticoherent state has therefore a multipolar ex-
pansion of the form





ρLM TLM . (21)
According to our definition, anticoherent spin states
can be pure or mixed. While mixed states can be
anticoherent to any order (think of the maximally
mixed state), pure states can only have a limited or-
der of anticoherence. Numerical searches have shown
that the highest achievable order of anticoherence
qmax for pure spin-j states scales approximately as
qmax ∼
√
4j [14,15]. In this work, we use the acronym
HOAP to refer to pure states with the highest achiev-
able order of anticoherence (Highest-Order Anticoher-
ent Pure states). A few examples of HOAP states are
given in Table 4 at the end of the manuscript, just
before the annexes. Note that HOAP states are gen-
erally not unique for a given spin quantum number,
even up to a rotation.
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Single spin-j Multiple spin-1/2 or qubits
spin quantum number j = N2 number of qubits N = 2j
spin operators collective spin operators
(irrep with maximal angular momentum j)
standard basis {|j,m〉}
with m = −j, . . . , j
symmetric Dicke basis {|D(k)N 〉}
with k = 0, . . . , N
magnetic quantum number
m = N2 − k
number of excitations
k = j −m
full Hilbert space symmetric subspace
(absolutely) classical (absolutely) separable
non-classical entangled
spin coherent state, |n〉 pure symmetric separable state, |Ω〉⊗N
pure anticoherent
state to order q
pure maximally entangled symmetric state
(state with maximally mixed q-qubit
reductions in the symmetric sector)
purity-based measure of
anticoherence to order q, Aq
rescaled linear entropy of the
q-qubit reduced density matrix
rotation symmetric local unitary transformation
Table 1: Dictionary of correspondence between spin-j states and symmetric states of N spin-1/2 or qubits. The constituent
spin-1/2 can be real or fictitious.
2.4 Symmetric multiqubit states
The Hilbert space associated to an individual spin-
j quantum system, H ' C2j+1, is isomorphic to the
symmetric subspace of the Hilbert space associated to
a system of N = 2j spin-1/2 or qubits. This is due
to the fact that N spin-1/2 can always be coupled to
form a collective spin j = N/2. The states result-
ing from this coupling can be shown to be necessarily
invariant under permutation of the spins, i.e. symmet-
ric. Therefore, all concepts pertaining to spin states
can be reformulated in terms of multiqubit symmetric
states (see Table 1).
In this framework, standard angular momentum ba-
sis states |j,m〉 can be viewed as symmetric Dicke
states of N = 2j qubits with k = j −m excitations







| 0 . . . 0︸ ︷︷ ︸
N−k
1 . . . 1︸ ︷︷ ︸
k
〉, (22)
where the sum runs over all distinct permutations
π of the qubits. Spin-coherent states |n〉 can be
viewed as N -qubit symmetric separable pure states,
which are necessarily of the form |Ω〉⊗N with |Ω〉 some
single-qubit state. In contrast, it was shown in [13]
that anticoherent spin states are characterized by the
fact that their q-qubit reduced density matrices are
the maximally mixed state in the symmetric sector,
ρ0 = 1/(q + 1). As a result, it is possible to quantify
the degree of q-anticoherence of a pure spin-j state
|ψ〉 using a measure of anticoherence based on purity,
which can be related to the Hilbert-Schmidt distance
of the reductions of |ψ〉 to the MMS ρ0 [16]. This





where R(ρq) is the purity of ρq = Tr¬q [|ψ〉〈ψ|], the
q-qubit reduced density matrix of the state |ψ〉 viewed
as a N -qubit symmetric state. These measures of an-
ticoherence are merely the linear entropy of entangle-
ment of the state |ψ〉 with respect to a bipartition
(q,N − q) of the N qubits. They are obviously rota-
tionally invariant. Spin-coherent states are the only
pure states characterized by pure reduced states and
are therefore the only states for which Aq = 0. In
contrast, q-anticoherent states are characterized by
ρq = ρ0 and are therefore the only states such that
Aq = 1. For all other states, Aq is strictly between 0
and 1 [16]. Let us illustrate these measures on states
4
that will be of interest to us later and which are listed
in Table 2. GHZ states for any number of qubits and
balanced Dicke states for an even number of qubits
are both anticoherent to order 1, but not to order 2,
because we have









In contrast, for N > 2, the W state is never 1-
anticoherent, whereas the HOAP states always are
since
A1(|W〉) = 2 N−1N2 < 1, A1(|HOAP〉) = 1.
Then, the notion of non-classicality of spin states
translates into the notion of multiqubit entanglement
for symmetric states. Indeed, a classical state ρ that
can be written as (12) with a non-negative Pρ function
everywhere is a continuous convex mixture of sym-
metric separable states (|Ω〉〈Ω|)⊗N . Hence, it is sep-
arable [17]. Likewise, absolute classicality of a spin
state translates into absolute separability of multi-
qubit symmetric states [18].
Abbreviation State





DB |DB〉 = |D(bN/2c)N 〉
W |W〉 = |D(1)N 〉
HOAP
Highest-Order Anticoherent
Pure states, see Table 4 and
Refs. [12, 14,15,19]
Table 2: Families of N -qubit symmetric states of interest for
this work, expressed in terms of Dicke states (22). In the
definition of the balanced Dicke state |DB〉, bN/2c denotes
the largest integer smaller than or equal to N/2.
3 Depolarisation dynamics
We are now ready to introduce the decoherence model
studied in this work, which is that of a spin-j system
undergoing Markovian depolarisation along the three
spatial directions x, y and z with a priori different
rates γx, γy and γz, see Eq. (24). In Appendix B, we
give examples of physical models that provide a micro-
scopic basis to our master equation: a spin interacting
with a fluctuating magnetic field and an ensemble of
two-level atoms interacting with the electromagnetic
field in the high temperature limit. Many more mod-
els leading to the same form of dynamical evolution
have been proposed and studied in the literature. For
instance, the derivation of a master equation describ-
ing isotropic depolarisation of multiphoton states was
carried out in [20] based on SU(2) invariance. The ef-
fect of isotropic decoherence for a qubit on Uhlmann’s
mixed state geometric phase was studied in [21]. In
Ref. [22], the anisotropic depolarisation of light stem-
ming from its interaction with a material medium was
analysed. A master equation describing anisotropic
depolarisation of a spin-1/2 was derived from a micro-
scopic Hamiltonian model in [23] and from disordered
Hamiltonian ensembles in [24]. A non-Markovian ver-
sion for a central spin-1/2 interacting with a spin bath
has been derived in [25]. Finally, let us note that a
weak continuous measurement of the Cartesian com-
ponents of a spin leads to the same form of dynamical
evolution and offers the possibility of tuning the three
depolarisation rates γx, γy and γz. On the other hand,
microscopic models and basic thermodynamic princi-
ples can lead to constraints on the possible values that
rates can take, as we explain in the next subsection.
In subsec. 3.1, we present the master equation (24)
central to this work. In subsec. 3.2, we write the mas-
ter equation in the MPB. We then discuss a conser-
vation law for the dynamics (subsec. 3.3), its steady
states (subsec. 3.4) and provide a general solution for
the density matrix, its reductions and its purity in
subsec. 3.5 and 3.6. We emphasize that particular
instances of these solutions were already known, see
e.g. Refs. [20, 26,27].
3.1 Master equation
We consider the dynamics of a spin governed by a







with H = ~ωJz and
Dα[ρ] = γα
(
2JαρJα − J2αρ− ρJ2α
)
(25)
where J = (Jx, Jy, Jz) is the spin operator in the
spin-j sector. In particular, our master equation de-
scribes the well-known pure dephasing of a spin when
γx = γy = 0 and γz 6= 0. In the following, we will
refer to isotropic depolarisation when γx = γy = γz
and to anisotropic depolarisation when γx = γy 6= γz.
Since the dissipator contains only Hermitian jump op-
erators, the Lindblad generator is unital and it follows
that the purity of the state ρ(t) can only decrease with
time (see e.g. [28]).
We now come back to the possible constraints on
the values that rates can take when obtained from
microscopic models. Under the assumptions that the
spin environment is in thermal equilibrium and that
the interaction Hamiltonian between the spin and the
environment commutes with both Hamiltonians of the
spin and the environment, a condition coined as strict
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conservation of energy, the unitary and dissipative
evolutions necessarily commute [6, 7], i.e. [U ,D] = 0
where U(·) = (i/~) [·, H] and D(·) =
∑
α=x,y,z Dα(·)
for the master equation (24). The condition [U ,D] =
0 is fulfilled only when γx = γy [29]. Physically, this
can be understood by observing that the unitary evo-
lution induces a precession of the spin around the z-
axis and that the dissipative evolution is invariant un-
der a rotation around the z-axis only when γx = γy.
For this reason, we will concentrate from Sec. 3.4 on
the case γx = γy ≡ γ⊥z.
From now on, we will adopt the view of a spin






α are now collective spin operators with σ
(i)
α
the Pauli operators σα for spin i, and the dynamics
corresponds to the collective decoherence of N = 2j
qubits, initially in a pure symmetric state. The mas-
ter equation (24) preserves the permutation symmetry
of the initial state, so that we are in fact dealing with
an irreducible representation of dimension N + 1 of
the collective spin operators.
3.2 Master equation in the multipole operator
basis
The system’s state can be expanded at all times in






ρLM (t)TLM , (26)
where the state multipoles ρLM evolve according to
(see Appendix A.2)
ρ̇LM =− (ΓLM + i ωM) ρLM
− ΓLM+2 ρLM+2 − ΓLM−2 ρLM−2,
(27)
where



















(L∓M − 1)(L±M + 2).
(29)
We note that state multipoles with different values
of L are decoupled, as well as matrix elements with
even/odd values of M . This means that the Liou-
villian superoperator is represented in the MPB by a
block-diagonal matrix, with N+1 blocks of size 2L+1
for L = 0, . . . , N . From Eq. (27), we see that the block
for L = 0 is equal to 0, so that the stationary state has
always a component on the maximally mixed state in
the symmetric sector, ρ0 = 1/(N + 1). This reflects
the fact that the component ρ00 on T00 = 1/
√
N + 1
remains equal to 1/
√
N + 1 at all times, which is sim-
ply due to normalization of the state ρ. The blocks
for L > 0 have elements −ΓLM for M = −L, . . . , L on
the main diagonal, −ΓLM+2 along the 2-diagonal and
−ΓLM−2 along the −2-diagonal. Because of the re-
lation d+LM = d
−
LM+2 [see Eq. (29)], the 2-diagonal
and the −2-diagonal are equal. When γx = γy,
ΓLM±2 = 0, the Liouvillian is diagonal in MPB and
each ρLM evolves independently.
3.3 Conservation of anticoherence
The dynamics generated by the master equation (27)
conserves the property of anticoherence of a state at
any time. Indeed, if the state multipoles ρLM are ini-
tially equal to zero for some L and ∀M = −L, . . . , L,
they remain zero at all times because there is no cou-
pling between blocks corresponding to different values
of L. Therefore, an initial q-anticoherent state char-
acterized by the property (20) remains q-anticoherent
at any time. We emphasize that this property would
still hold if the γα rates were time dependent or took
negative values to model non-Markovian dynamics.
Therefore, the property of anticoherence of a state is
very generally conserved under the model of decoher-
ence corresponding to the master equation (24).
3.4 Stationary state
When γx = γy ≡ γ⊥z = 0 and γz 6= 0, Eq. (27) shows
that the components ρL0 are conserved for all L while
all other components decay to 0. Starting from an















m 0m |j,m〉 〈j,m| where Cj1j2jm1m2m ≡
〈j1m1j2m2|j,m〉 are Clebsch-Gordan coefficients fol-
lowing the notation of [30]. The set of projectors
{|j,m〉 〈j,m|} is thus the pointer basis in this case.
When γ⊥z 6= 0, Eq. (27) shows that each compo-
nent ρLM evolves separately and decays to 0 (except
for ρ00) at a rate ΓLM > 0. The only stationary state
is then the MMS [Eq. (2)].
3.5 Exact solutions for ρ and its reductions
Under the condition of strict conservation of energy,
γx = γy and Eq. (28) yields Γ±LM±2 = 0, which implies
that the state multipoles ρLM are all decoupled from
each other. They thus evolve according to
ρ̇LM = −ΓLMρLM (31)
whose general solution is given by
ρLM (t) = e−ΓLM tρLM (0). (32)
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The solution of the master equation in the Dicke ba-
sis readily follows by expressing the matrix elements
〈j,m|ρ|j,m′〉 in terms of the state multipoles ρLM and










Alternatively, using Eq. (15), the state ρ(t) can be






L ρLM (0) e
−ΓLM t YLM (Ω). (34)
The solution (32) allows us to directly access the
state multipoles of all the reduced states of ρ. In the
Appendix C, we show that the state multipoles ρ
(q)
LM
of the q-qubit reduced density matrix ρq = Tr¬q [ρ]








(q−L)!(q+L+1)! ρLM (t) (35)
for L 6 q and −L 6M 6 L.
3.6 Decrease of purity
In order to identify the states that are the most prone
to decoherence, we focus on the rate of change of
the purity Ṙ(ρ) and its higher order time derivatives.
These quantities can be expressed in a simple form
when γx = γy because then Eq. (31) implies that
d|ρLM |2/dt = −2 |ρLM |2 ΓLM . Repeated use of the
latter equality together with Eq. (10) yields for the






|ρLM |2 (ΓLM )n. (36)
This equation can be rewritten as
dnR(ρ)
dtn
= (−2)n (ΓLM )nR(ρ) (37)
where we define the average value in state ρ of a func-








In particular, the rate of change of purity, which is
also equal to the opposite of the linear entropy pro-
duction rate [32], is given by
Ṙ(ρ) = −2 ΓLM R(ρ) 6 0. (39)
Similarly, the second time derivative of R(ρ) is given
by
R̈(ρ) = 4 (ΓLM )2R(ρ) > 0. (40)
For the maximally mixed state, the purity does not
change over time and we have d
nR(ρ)
dtn = 0 for all n.
More generally, the solution (32) for the state mul-
tipole of ρ(t) along with Eq. (10) for the purity gives
R(t) = 1
N + 1 +
∑
L>0,M
|ρLM (0)|2 e−2 ΓLM t. (41)
where we have set R(t) ≡ R(ρ(t)). All the terms in
Eq. (41) are positive. Therefore, for any integer q > 0,
the purity can be lower bounded by retaining only the
terms of the sum with L > q, that is
R(t) > 1
N + 1 +
∑
L>q,M
|ρLM (0)|2 e−2 ΓLM t. (42)
4 Isotropic depolarisation
In this section, we focus on isotropic depolarisation
defined by equal rates in the three spatial directions
γx = γy = γz ≡ γ. This model is commonly used
as a phenomenological model to describe decoherence
in quantum computers when errors arise from uncon-
trolled small random SU(2) rotations [33]. In sub-
sec. 4.1 and 4.2, we study the evolution of purities
and clarify the condition for the occurence of superde-
coherence respectively. In subsec. 4.3, we identify
the states most susceptible to decoherence. Subsec-
tion 4.4 is concerned with quantum speed limits and
in subsec. 4.5, we study how entanglement is gradu-
ally lost over time due to depolarisation.
4.1 Evolution of purities
We start with the rate of change of the purity of the
global state ρ, which is given by
Ṙ(ρ) = −2L(L+ 1) γ R(ρ) 6 0 (43)






where R(ρN−1) is the purity of the (N − 1)-qubit re-
duced density matrix of ρ. Due to the proportionality
of the state multipoles expressed by the relation (35)
and the diagonal form of the master equation in the
MPB, the master equation keeps exactly the same
form (31) for the reduced states ρq than for the global
state ρ. Using (44), we can thus write the closed set
of equations for the purities
Ṙ(ρ1) = −2γ [2R(ρ1)− 1]








The first q equations of the system (45) also form a
closed set of equations. Therefore, the time evolution
of R(ρq) depends only on the initial purities of the
reduced states of at most q qubits, regardless the total
number of qubits N . Analytical solutions for R(ρq)
are given for the smallest values of q in Appendix D.
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4.2 Superdecoherence
It is known that collective dephasing can lead to a
phenomenon called superdecoherence [34–36], where
the rate at which states lose their coherence scales
as N2 with N the number of qubits. In this sub-
section, we establish the conditions for superdecoher-
ence to occur when the qubits are subject to collective
isotropic depolarisation.
Let us set R(t) ≡ R(ρ(t)) and denote by T the time
it takes for the purity of a state to decrease to half
its initial value R(0). A lower bound Tmin on T can
be obtained by replacing R(ρN−1) in Eq. (44) by its
minimum value 1/N , solving the resulting differential
equation for R(t) and then solving R(Tmin) = R(0)/2






2γN(N + 1) ∼N1
ln 2
2γN2 (46)
such that R(t) > R(0)/2 for t < Tmin. The lower
bound Tmin scales as N
−2, which leaves room for su-
perdecoherence. In fact, exact conditions for the oc-
currence of superdecoherence can be found by rewrit-
ing Eq. (44) as
Ṙ(ρ) = −2γR(ρ)N − 2γ [R(ρ)−R(ρN−1)]N2 (47)
where the linear and quadratic terms in N have been
separated. We now show that the coefficient in front
of N2 can only be negative for entangled states, a re-
sult that can be interpreted as saying that isotropic
superdecoherence cannot occur without entanglement.
To this end, we use the entanglement criterion based
on the Rényi entropy Sq for q = 2 [37,38], which states
that if a state ρ is separable, then R(ρq) > R(ρ) for
any number of qubits q < N . This criterion reflects
the fact that the reduced states of a separable state
are always less mixed than the global state is. There-
fore, for separable states R(ρ) − R(ρN−1) is always
negative. For example, it is equal to −1/[N(N + 1)]
for the maximally mixed state. It can be positive only
for entangled states. A numerical optimisation shows
that R(ρ)−R(ρN−1) is smaller than or equal to 1/2,
where the value 1/2 is reached when ρ is a pure 1-
anticoherent state. In this case, the rate of decrease
of purity takes its maximal value Ṙ = −γN(N + 2)
scaling quadratically with N .
A consequence of the preceding result is that su-
perdecoherence can never occur when the system
starts from a separable state. Indeed, as we show
in Appendix E, isotropic depolarisation leads to a
separability preserving (SEPP) dynamical map. This
means that separable states can only evolve into sep-
arable states, which we have just shown cannot dis-
play superdecoherence. Interestingly, the situation is
fundamentally different for the closely related phe-
nomenon of superradiance, which can occur without
any entanglement [39], starting for example from the
separable state in which all atoms are excited.
For an initial pure state |ψ0〉, the rate (47) at t = 0










where A1 is the measure of anticoherence to order 1





Equation (48) relates superdecoherence to anticoher-
ence because the term scaling quadratically with the
number of qubits is directly proportional to A1. This
term vanishes for spin-coherent states (A1 = 0) and
is maximal for anticoherent states (A1 = 1), which
consequently display the largest depolarisation rate
Ṙ
∣∣
t=0 = −γN(N + 2).
Higher-order time derivatives of the purity can be
evaluated by repeated use of the set of equations (45).
For example, at any time t, we have for the second-







(N + 1)2R(ρ)− 2N2R(ρN−1)




The quantity R̈ does not only depend on R(ρ) and
R(ρN−1) as Ṙ did, but also on R(ρN−2), the purity of
the reduced density matrix of N − 2 qubits. For ρ an









6 + 3N2A1 − 2(N − 1)2A2
]
(51)
where we have set Aq = Aq(|ψ0〉) for q = 1, 2. It
can be seen from Eq. (51) that, among 1-anticoherent
states, 2-anticoherent states yield the smallest value
for R̈|t=0. Equation (51) with A1 = A2 = 1 gives
immediately R̈|t=0 = 43γ
2N2(N + 2)2. This means
that 2-anticoherent states not only lead to the highest
rate of depolarisation Ṙ|t=0, but that this rate also
decreases the slowest over time among all such states.
In contrast, the maximal value of R̈|t=0 is reached for
GHZ states, for which A1 = 1, A2 = 3/4 and thus
R̈|t=0 = 2γ2N2(N2 + 2N + 3). The GHZ states are
among the states with the highest depolarisation rate
Ṙ|t=0 but for which this rate decreases most rapidly
with time.
4.3 HOAP states are extremal
In the case of isotropic depolarisation, the general so-
lution (32) reduces to
ρLM (t) = e−γ L(L+1) tρLM (0). (52)
This solution shows that state multipoles with the
same angular momentum quantum number L all de-
cay at the same rate γ L(L+1). Therefore, the initial
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states that reach the MMS, ρ0 = 1/(N+1), the faster
are those whose non-zero state multipoles have high L
only. For q-anticoherent states [see Eq. (20)], ρLM = 0
∀L = 1, . . . , q and the state multipoles and coherences
in the Dicke basis decay over time at a rate at least
equal to γ (q + 1)(q + 2). Thus, the higher the order
of anticoherence q of the initial state, the faster the
steady state is reached. This statement can be made
more precise by observing that anticoherent states to
order q are the only states that saturate the bound
(42). Therefore, pure anticoherent states to the high-
est achievable order (HOAP states introduced in sub-
section 2.3) yield, among pure initial states, the lowest
purity after arbitrary evolution time, see e.g. Fig. 1.
























Figure 1: Isotropic depolarisation for different 4-qubit states:
separable state (orange), W state (purple), GHZ state
(green) and HOAP state given by Eq. (64) (blue). Top:
Purity as a function of time, monotonically decreasing to-
wards the asymptotic value 1/5. The gray dashed line shows
the bound (57). Middle: Purity loss rate as a function of
time. Bottom: Time-average of the square root of the sec-
ond time derivative of the purity, which is related to the
quantum speed limit (55) giving the bound
√
R̈ 6 480 (not
shown in the plot).
At short times, the pure states most prone to de-
coherence are, at first order, those for which ΓLM in
Eq. (39) takes the highest possible value at t = 0.
At second order, it is required that ΓLM is the largest
and, at the same time, (ΓLM )2 in Eq. (40) is the small-
est at t = 0. Indeed, the rate ΓLM calculated at t = 0
should decrease as slowly as possible over time if one
wants the purity loss rate to remain large. As we have
shown in the preceding subsection, for isotropic depo-
larisation, ΓLM is maximal and (ΓLM )2 is minimal for
any q-anticoherent state with q > 2.
4.4 Quantum Speed Limits
Quantum speed limits (QSLs) reflect constraints on
the minimal time required for an initial state to evolve
to a target final state under certain dynamics. These
limits may also be expressed in terms of quantum
speeds. In this work, we consider two QSL for dis-
sipative dynamics recently derived in the literature.







Tr (ρ̇ρ̇†) dt (53)
where τ > 0 is an evolution time, ‖ · ‖ is the Hilbert-
Schmidt norm and an overline denotes a time average
over the interval [0, τ ]. The bound (8) in Ref. [40]
holds for any Lindblad master equation and reduces









γ2x + γ2y + γ2z
)
N(N + 1)(N + 2)
(54)










N(N + 1)(N + 2). (55)
Figure 1 shows
√
R̈ for different 4-qubit states un-
dergoing isotropic depolarisation. At short times, the
state with the largest
√
R̈ and thus closest to the up-
per bound in (55) (equal to 480) is the GHZ state.
This is perfectly consistent with our result (51).
Another QSL particularly relevant to this work is
based on the purity of the difference between the state
ρ and its stationary state ρ0, the so-called purity de-
viation RD(t) = R(ρ(t) − ρ0) [41]. In the Liouville
space, the density operator ρ can be vectorized and
its evolution under (24) can be written as |ρ̇〉 = H|ρ〉.
Under this evolution, the purity deviation of ρ in a
time interval [ti, tf ] is bounded according to [41]∣∣∣∣ln(RD(tf )RD(ti)
)∣∣∣∣ 6 ∫ tf
ti
‖H −H†‖sp dt (56)
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where ‖ · ‖sp denotes the spectral norm [42]. For the
master equation (24), one finds ‖H−H†‖sp = γN(N+
1)(N + 2) in the case of isotropic depolarisation. By
substituting ti = 0 and tf = t into (56) and assuming
that the system starts from a pure initial state, the
bound can then be expressed in terms of the purity
R(t) of ρ(t) as follows
R(t) > 1







The bound in Eq. (57) is state-independent, unlike the
one in Eq. (42). In contrast, the decay rate in Eq. (57)
scales as N3, whereas it only scales quadratically in
Eq. (42) through the ΓLM [see Eq. (28)]. Figure 1
shows the purity as a function of time for different
4-qubit states. It can be noted that while the HOAP
state is optimal, in the sense it leads to the lowest
purity at any times, this purity is significantly larger
than the bound (57) which is therefore not tight in
this case.
4.5 Entanglement dynamics
4.5.1 Entanglement survival time
Under isotropic depolarisation, an N -qubit system
initially in a pure entangled symmetric state |ψ〉 grad-
ually loses its purity and entanglement over time.
Asymptotically, the system reaches its unique sta-
tionary state, an equal weight mixture of all sym-
metric Dicke states, i.e. the maximally mixed state
in the symmetric sector. This asymptotic state has
the smallest purity and is separable because it can be
written as a continuous convex mixture of symmetric






where |Ω〉 is a single-qubit state with Bloch vector
pointing in the direction specified by the polar and
azimuthal angles Ω ≡ (θ, ϕ) and dΩ = sin θdθdϕ. Af-
ter a finite time of the evolution leading the system
from its initial state |ψ〉 to ρ0, the state becomes sep-
arable and remains so because the dynamics is sep-
arability preserving (see Appendix E). We call this
particular time the entanglement survival time and
denote it by tES. After a longer but still finite time,
the system’s state enters a ball of absolutely separable
states centred on ρ0 [10]. From this point on, any en-
tanglement between the qubits that could potentially
be retrieved by global unitary transformations on the
system is permanently lost.
Our aim is to study the scaling of the entanglement
survival time with the number of qubits, in particu-
lar for the most rapidly decohering states. However,
in general, it is not practically feasible to compute
this time, as this reduces to determining whether a
mixed state is entangled or separable, a notoriously
difficult problem. We will therefore use entanglement
or separability criteria to give upper and lower bounds
for tES. As we shall see, these bounds follow the
same scaling with N , which is consequently also the
scaling of tES with N . For symmetric states, many
distinct separability criteria (realignement criterion,
spin-squeezing criterion, . . . ) are equivalent to the
Positive Partial Transpose (PPT) criterion [43,44]. In
this work, we use the negativity to detect, and to some
extent quantify, bipartite entanglement. Negativity
is defined as the opposite of the sum of the negative
eigenvalues of the partial transpose of ρ with respect
to some bipartition. A non-zero negativity indicates
entanglement. We call the time when the negativity
becomes zero the NPT (negative partial transpose)
survival time tNPT. It is a lower bound for the en-
tanglement survival time, i.e. tNPT 6 tES. Symmetric
N -qubit states are either genuinely entangled or fully
separable [45]. This implies that if the negativity is
zero with respect to a certain bipartition (q,N − q) of
the qubits, but non-zero with respect to some other bi-
partition, the state is genuinely entangled and bound
entangled with respect to the bipartition (q,N−q). In
this work, we will not investigate whether the states
produced by isotropic depolarisation are fully bound
entangled [46], but will focus on the distillable entan-
glement that is detected by the PPT criterion for the
different bipartitions of the system, in the same spirit
as the works [47,48].
Even before using the PPT criterion, we can obtain
a lower bound on the entanglement survival time for
pure q-anticoherent initial states. We proceed as be-
fore by using the purity-based entanglement criterion
which states that when R(ρ) > R(ρq), the state ρ is
entangled. Then, a similar reasoning as the one lead-
ing to Eq. (46) and taking into account the fact that
R(ρq) = 1/(q + 1) at any time because anticoherence








2γN(N + 1) 6 tES. (59)
4.5.2 Initial negativity
For a pure state ρ = |ψ〉〈ψ|, the eigenvalues of the
partial transpose ρTq of ρ with respect to q qubits are
simple functions of the Schmidt coefficients
√
λi of |ψ〉
for the bipartition (q,N − q), see e.g. [49]. Equiv-
alently, the eigenvalues of ρTq can be expressed in
terms of the q + 1 eigenvalues λi of the reduced state
ρq = Tr¬q[|ψ〉〈ψ|]. From there, a direct application of
Lemma 1 of [49] shows that the negativity of |ψ〉 is






For GHZ states, the q-qubit reduced states read ρq =















Figure 2: Negativity N with respect to the balanced biparti-
tion (bN/2c, dN/2e) of several families of initial pure states
as a function of the number of qubits. We haveN ≈ 0.231N
for HOAP states (blue circles), N ≈ −0.469+0.625
√
N for
balanced Dicke states (DB, red squares) and N = 1/2 for W
states (purple diamonds) and GHZ states (green triangles).








) |D(`)q 〉 ⊗ |D(k−`)N−q 〉 (61)
allows us to calculate the negativity across any bipar-
tition (q,N − q) through






















In particular, we get for W states (k = 1)





In general, the maximal negativity Nmax = q/2 is
reached when all eigenvalues λi are equal to 1/(q+1),
i.e. when ρq = 1/(q+1). The value q/2 is thus an up-
per bound for the negativity of pure states for a bipar-
tition (q,N − q). For an equal bipartition (q = N/2),
the bound is equal to N/4 and thus scales linearly
with the number of qubits. The bound is tight only
when there are pure states |ψ〉 with maximally mixed
q-qubit reductions, or, in other words, when |ψ〉 is q-
anticoherent. In general, such states do not exist and
the maximum possible order of anticoherence for pure
N -qubit states is found to scale as
√
2N , much smaller
than N/2 for large N [14, 15]. There is also strong
numerical evidence that pure anticoherent states of
order q = N/2 only exist for N = 2, 4 and 6 [15].
Figure 2 shows the negativity with respect to a bal-
anced bipartition for several types of initial states as
a function of the number of qubits [51]. We observe
that for the HOAP states found numerically in [15],
we still find a linear scaling of the negativity with N ,
but with a prefactor of 0.231 slightly smaller than the
prefactor 1/4 of the upper bound.
4.5.3 NPT survival time scaling
In this subsection, we analyse the scaling of the NPT
survival time with the number of qubits. To begin,
Fig. 3 shows the negativity as a function of time for
initial HOAP states with different number of qubits.











Figure 3: Negativity with respect to the (bN/2c, dN/2e) bi-
partition of HOAP states [15] for N = 4, 6, 12, 28 (from
right to left) as a function of time for isotropic depolarisa-
tion. The dashed lines indicate when the negativity drops to
zero.
that the negativity drops to zero after a finite time
– the NPT survival time tNPT – decreasing with the
number of qubits [53]. We observe numerically that
the balanced bipartition (bN/2c, dN/2e) is, except for
small numbers of qubits, the one for which tNPT is
the largest, while it is the smallest for the bipartition
(1, N − 1). For this reason, in what follows, we focus
only on these two bipartitions.
Figure 4 (top panel) shows tNPT for the balanced bi-
partition as a function of N . We see that tNPT falls off
as an inverse power law in N for all states considered.
The states that lose their entanglement the fastest and
thus lead to the smallest value of tNPT are the HOAP
states, even though they have the largest initial neg-
ativity. Similar data for the bipartition (1, N − 1)
are displayed in the bottom panel of Fig. 4. In this
case, the GHZ states are the most fragile states under
isotropic depolarisation and we find that tNPT falls
off approximately as N1.75. This observation can be
contrasted with the fact that the entanglement in a
GHZ state is known to be maximally fragile under
the loss of a single qubit. Nevertheless, we see that
the global entanglement is more robust than the local
one and the optimal anticoherent states are found to
be the first to become PPT with respect to any bi-
partition. Hence, anticoherent states are not only the
most rapidly decohering states, but also the ones that






















Figure 4: Negative partial transpose (NPT) survival
time tNPT as a function of N for (top) the bipartition
(bN/2c, dN/2e), with the grey solid line showing the scal-
ing 1/N , and (bottom) the bipartition (1, N − 1), with the
grey solid lines showing the scalings 1/N and 1/N1.75.
4.5.4 P -function separability time
For an initial pure entangled state ρ = |ψ〉〈ψ|, the
P -function (15) is necessarily not everywhere posi-
tive because otherwise the state would be separable.
Over time, the state multipoles decay exponentially,
at the exception of ρ00. Therefore, after a finite time
tP > tES, the P -function becomes everywhere posi-
tive (see Appendix F), which is a sufficient condition
for separability. Because the dynamics is separability
preserving, the state remains separable for all t > tP .
In Fig. 5, we show the time tP as a function of the
number of qubits. For all the different types of states
considered, we find a inverse power law scaling of the
form tP ∼ 1/N . It is for the HOAP states that tP is
the smallest and for W states that tP is the largest
for a given number of qubits.
4.5.5 Time to reach a ball of absolutely separable state
We have computed the time it takes for an initial pure
state to enter, as a result of depolarisation, the ball
of absolutely separable states of radius (18) centred
on the maximally mixed state. Let us denote this
time by trmax . Figure 6 shows trmax as a function of
N , the number of qubits. We can see that trmax in-
creases linearly with N for GHZ and Dicke states. In
stark contrast, for highest-order anticoherent states,
trmax is approximately independent of N , meaning
that HOAP states become absolutely separable after











Figure 5: Shortest time after which the P function (130)
becomes positive for any Ω, ensuring the separability of the
state. The grey solid line shows the scaling 1/N .
and not on the size of the system. More precisely, our
high-precision numerics shows that trmax ≈ 0.384 for
HOAP states, trmax ≈ 0.116(N + 2) for GHZ and bal-
anced Dicke states with even N , trmax ≈ 0.341(N −2)
for balanced Dicke states with odd N and trmax ≈

















Figure 6: Time after which an initial pure spin-j state enters
the ball of radius (18) centred on the maximally mixed state
as a result of depolarisation, shown here for various states as a
function of N . Note the difference in behaviour for balanced
Dicke states depending on the parity of N (red squares).
Our results are summarized in Table 3. It is inter-
esting to compare them with those obtained for an en-
semble of qubits subjected to individual decoherence.
In that case, it has been shown that the time tNPT
calculated for the bipartition (bN/2c, dN/2e) gener-
ally increases with N , notably for GHZ states [47,
48, 54–56]. It was therefore concluded that the en-
tanglement survival time tEST also increases with N .
Clearly, these conclusions are no longer valid for col-
lective depolarisation since we have just shown that
in this case both times decrease with N .
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N tNPT tEST tP trmax
GHZ 1/2 ∼ 1/N ∼ 1/N ∼ 1/N ∼ N
W 1/2 ∼ 1/N ∼ 1/N ∼ 1/N ∼ N
DB ∼
√
N ∼ 1/N ∼ 1/N ∼ 1/N ∼ N
HOAP ∼ N ∼ 1/N ∼ 1/N ∼ 1/N const
Table 3: Scaling laws with the number of qubits of the initial
negativity and the different characteristic times defined in the
text for several families of states subject to isotropic depolar-
isation. The scaling laws for tEST (highlighted in in orange)
have been deduced from the inequalities tNPT 6 tEST 6 tP
and the scaling laws for tNPT and tP .
4.5.6 Dynamical generation of bound entangled states
We now focus in more detail on the case of a few
qubits for which we can obtain further analytical re-
sults. To begin with, let us consider a 4-qubit system












The time-evolved state ρ(t), which follows from
Eqs. (32)–(33), is represented in the Dicke basis
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where u = u(t) = e−20t/4. The partial transpose of
(65) has only one eigenvalue that can potentially be
negative, respectively denoted by λ
(1,3)
− for the bipar-
tition (1, 3) and λ(2,2)− for the bipartition (2, 2). These


























− (t) cancels at a time γt
(2,2)
NPT ≈
0.134582, less than γt(1,3)NPT ≈ 0.158384, the time at
which λ
(3,1)
− (t) cancels. Therefore, there is a time in-
terval during which the negativity is zero for the cut
(2, 2) while it is non-zero for the cut (1, 3). In this
time interval, the state generated by isotropic depo-
larisation is bound entangled with respect to the (2, 2)
bipartition, and thereby realises a 3×3 bipartite sym-
metric bound entangled state [43]. Figure 7 illustrates
this dynamical evolution of entanglement under col-
lective depolarisation in this particular case. It should
be noted that for the initial GHZ, W and Dicke states,
no such bound entanglement is produced during the
dynamics. Similarly, we found that other types of
bound entangled states can be generated by isotropic
depolarisation starting from pure anticoherent states.
For example, starting from the 5-qubit / 6-qubit anti-
coherent state given in Table 4, isotropic depolarisa-
tion leads to bound entangled states with respect to
the (3, 2) bipartition [57] / (3, 3) bipartition [58].
5 Anisotropic depolarisation
In this section, we turn to anisotropic depolarisation,
where the rates in the three spatial directions are not
equal, i.e. γx = γy = γ⊥z 6= γz. We start in sub-
sec. 5.1 with the well-known case of pure dephasing
(γ⊥z = 0, γz 6= 0), which is by far the most explored
type of decoherence, mainly because a corresponding
microscopic model can be solved exactly [59, 60]. We
show how our approach allows us to easily recover re-
sults from the literature. Then we turn in subsec. 5.2
to the more interesting case of anisotropic depolarisa-
tion (γ⊥z 6= γz) and look in subsec. 5.3 for the initial
states with the largest purity decay rate. The mini-
mization of the purity at longer times is addressed for
small quantum spin numbers in subsec. 5.4. Finally,
the dynamics of entanglement is briefly discussed in
subsec. 5.5.
5.1 Pure Dephasing
One of the most studied type of decoherence is pure
dephasing (γ⊥z = 0, γz 6= 0) [61,62]. The general solu-
tion (32) reads in this case ρLM (t) = e−M
2γztρLM (0).
From Eq. (33) for the matrix elements ρmm′ in the
Dicke basis and the fact that the Clebsch-Gordan co-
efficients are non vanishing only when M = m′ −m,
we recover the results of [59,60], namely that the rate
of dephasing is given by M2γz = (m′ −m)2γz. The
higher the Hamming distance m′ −m, the faster the
decay of the off-diagonal density matrix element in the
Dicke basis. Only the populations remain constant.
Moreover, the dephasing rate increases quadratically
with the Hamming distance. This is in contrast to the
case of independent – rather than collective – dephas-
ing, where the dephasing rate increases only linearly
with m′ − m. The pure states that reach their sta-
tionary state the fastest, i.e. those with the highest
decoherence rate, are those for which the only non-
vanishing coherences have the largest possible Ham-
ming distance. These states are the N -qubit GHZ
states |GHZ〉 = 1√2 (|D
(0)
N 〉 + |D
(N)






































Figure 7: Top: Distance to the maximally mixed state as a function of time when starting from the 4-qubit pure state
(64). Bottom: Negativity as a function of time for the two possible bipartitions (1, 3) and (2, 2). The times tNPT, tP and
trmax introduced in the text are indicated on top of the figure (with the bipartition as superscript for tNPT). It holds that
tNPT 6 tEST 6 tP 6 trmax .






so that the purity decays at a constant rate
Ṙ
R
= −2γzM2 = −2γzN2. (69)
Note that the W and balanced Dicke states belong to
the decoherence-free subspace of pure dephasing [63].
5.2 Purity loss rate
In the more general case of anisotropic depolarisation










For a pure state |ψ〉, Ṙ can be expressed only in terms
of variances of the spin components in state |ψ〉. In-


















that can be combined with Eq. (70) to obtain
Ṙ|ψ〉 = −4
[





The general result (72), which is valid for any
spin, suggests controlling depolarisation on short time
scales by appropriately squeezing the initial state, i.e.
making ∆J2z smaller or larger than ∆J2x + ∆J2y , de-
pending on the value of the depolarisation rates γz
and γ⊥z. Interestingly, a similar result applies to con-
tinuous variables quantum states [64]. In particular,
for macroscopic quantum states, a slowing down of de-
coherence due to photon loss has been experimentally
demonstrated via squeezing in phase space [65,66].
5.3 Optimization of Ṙ|ψ〉
In the following, we show how to find the pure
states that maximize (the opposite of) the purity loss
rate (72). First, let us remark that the variances of
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the spin components verify












0 6 ∆J2α = 〈J2α〉 − 〈Jα〉2 6 〈J2α〉 6
N2
4 (74)
where the last inequality comes from the fact that the
largest eigenvalue of J2α is equal to N/2.
5.3.1 Case I: γz > γ⊥z
In this case, the decoherence rate (72) is maximized by
maximizing ∆J2z . Let us show that the upper bound
for the variance given in Eq. (74), equal to N2/4, can
be reached. It can only be reached when 〈Jz〉 = 0.




dk |D(k)N 〉, dk ∈ C, (75)
the condition 〈Jz〉 = 0 reads
N∑
k=0
|dk|2(N − 2k) = 0, (76)






|dN−k|2 k(k −N). (77)
The latter expression is equal to N2/4 when the sum
on the right-hand side vanishes, which occurs when all
Dicke coefficients dk are equal to zero, except d0 and
dN . But then, Eq. (76) gives |d0|2 = |dN |2 directly.
The corresponding normalized state is the GHZ state,
for which Eq. (72) yields the maximal purity loss rate
for γz > γ⊥z
Ṙ|GHZ〉 = −2γ⊥zN − γzN2. (78)
5.3.2 Case II: γz < γ⊥z
In this case, the decoherence rate (72) is maximized







we see that a state verifying 〈Jx〉 = 〈Jy〉 = 0 and, at
the same time, 〈J2z 〉 = 0 is optimal. For even N , 〈J2z 〉
given by Eq. (77) is equal to zero when |dk|2 = 1 for
k = N/2 and |dk|2 = 0 otherwise. The corresponding
state is the balanced Dicke state, which also verifies
〈Jx〉 = 〈Jy〉 = 0 and is thus optimal. Similarly, for
odd N , we find that the optimal state has |dk|2 = 1
either for k = (N+1)/2 or k = (N−1)/2 and |dk|2 = 0
otherwise. In the end, the maximal purity loss rate
for γz < γ⊥z is given by
Ṙ|DB〉 =
 −γ⊥zN(N + 2) even N−γ⊥z[N(N + 2)− 1] odd N (80)
and is independent of γz.
5.4 Minimization of purity at any fixed time
Until now, we have identified the states which deco-
here the fastest at short times for any possible value of
the rates γ⊥z and γz. It is much more difficult to an-
swer the question of which initial pure states give the
smallest purity after an arbitrary period of time t∗.
Through a combination of analytical and numerical
methods, we were able to answer this question for 2
and 4 qubits. First, we have observed that, for N = 2
and N = 4 (but not N = 3), the optimal initial states
found numerically are always 1-anticoherent. Taking
this observation as a working hypothesis, we can per-
form the optimisation analytically. To this end, let us
denote by R|ψ〉(t∗) the purity of the system’s state at
time t∗ when the system is initially in state |ψ〉. We
then define the derivative of this purity with respect








where |ψε〉 is the normalized state
|ψε〉 = N (|ψ〉+ ε|φ〉). (82)
In order to find optimal states, we look for critical
states that cancel the derivative (81) for a fixed value
of t∗.
5.4.1 j = 1 or N = 2 qubits
For N = 2, the only critical states are the GHZ and
balanced Dicke states, whatever the value of t∗. They
are both 1-anticoherent [14]. The GHZ and balanced
Dicke states were previously found to be optimal at
short times for γz > γ⊥z and γz < γ⊥z, respec-
tively. Our numerics shows that this is also the case
for longer times, and thus for any t∗.
5.4.2 j = 2 or N = 4 qubits
We assume that the optimal initial 4-qubit states are
all 1-anticoherent, which our numerics confirms, re-
gardless of the final time t∗ and the depolarisation
rates. In [14], it was shown that any 1-anticoherent










with µ ∈ C and N a normalization constant. We can
always find a critical state of the form (83). Indeed,
by cancelling the derivative of the purity at time t∗
for the initial state (83) and solve for the real and
imaginary parts of µ, we find a critical value µ∗ with









4 e4(7γ⊥z+2γz)t∗−7 e24γ⊥zt∗+3 e8γzt∗ + 2.
(84)
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Let us make some observations on this result. First,
when γ⊥z = γz, Eq. (84) reduces to µ∗ = i
√
2 and
Eq. (23) then gives A2 = 1, so that we recover the
result of the previous section that, for isotropic de-
polarisation, the optimal state is at any time a 2-
anticoherent state. Next, the critical value (84) exists
only for times for which the argument in the square
root is non negative, i.e. for t∗ > t∗µ∗ with t
∗
µ∗ a time















Figure 8: Minimum achievable purity at time t∗ for different
values of γ⊥z/γz < 1. The optimal initial states are the GHZ
state (green curves) at short times and the |µ∗〉 states given
by Eq. (84) (grey curves) at longer times. Vertical dashed
lines locate the transition from GHZ to |µ∗〉 which occurs
when Im(µ∗) vanishes.
We show in Fig. 8 the evolution of the purity for
the optimal state |µ∗〉 for different values of γ⊥z/γz
with γz > γ⊥z. The vertical dashed lines, drawn at
t∗ = t∗µ∗ , indicate the time at which the initial optimal
state changes from the GHZ state to |µ∗〉. Finally, we
note that µ∗ → i
√
2 when t → ∞, meaning that the
asymptotically optimal state always converges to the
pure anticoherent state to order 2 given in Eq. (64).
The same type of behaviour can be seen in Fig. 9,
where we let γz/γ⊥z vary with γz < γ⊥z. Here, the
optimal state changes from the balanced Dicke state
to |µ∗〉. As all non-zero state multipoles of the bal-
anced Dicke state have M = 0, the purity decay is
insensitive to the value of the rate γz.
Finally, in Fig. 10, we compare the rotationally in-
variant measure of 2-anticoherence of the numerically
obtained optimal states and the |µ∗〉 states as a func-
tion of t∗. As can be seen, both give the same re-
sults. At short times, A2 is constant and equal to 3/4.
The corresponding state is either the GHZ state when
γz < γ⊥z, or the balanced Dicke state when γz > γ⊥z.
At longer times, A2 increases monotonically with t∗
and tends to 1 as t∗ → ∞. All this shows that the
optimization results of the purity for arbitrary times












Figure 9: Same as for Fig. 8 but for different values of
γz/γ⊥z < 1. The optimal initial states are the balanced
Dicke state (red curve) at short times and the |µ∗〉 states
































Figure 10: Measure of anticoherence to order 2 of optimal
states (see text) as a function of the final time t∗ for N = 4
and different values of the depolarisation rates. Symbols cor-
respond to data obtained by numerical optimization and solid
curves show the analytical predictions based on Eqs. (83)–
(84).
5.5 Entanglement dynamics
As for isotropic depolarisation, we now look at the
evolution with the number of qubits of the different
characteristic times related to entanglement. Our nu-
merical results are displayed in Fig. 11. The first two
rows show that, when γz 6= 0, the times tNPT and tP
(and thus also the entanglement survival time) follow
the same scaling ∼ 1/N as for isotropic depolarisation
for all state families considered in this work. However,
when γz = 0, we observe that these times increase
or decrease only very slightly with N for GHZ and
HOAP states (see left two bottom panels) for N . 50.
As for the time trmax , we can see in the right column
that it is the smallest for the HOAP states for all
the values of the rates considered. This suggests that



















































































Figure 11: Evolution of the different characteristic times [NPT survival time tNPT, P -function separability time tP and time
trmax to reach the ball of absolutely separable state of radius (18)] as a function of the number of qubits for W states (purple),
balanced Dicke states (red), GHZ states (green) and HOAP states (blue). Top: γ⊥z = 0.5 and γz = 1.0. Middle: γ⊥z = 1.0
and γz = 0.5. Bottom: γ⊥z = 1.0 and γz = 0.0.
the ones that lead to the smallest purity at long times,
in line with our detailed analysis of the 4-qubit case in
the preceding subsection. An in-depth study of these
behaviours as a function of the depolarisation rates
would be desirable, but is beyond the scope of this
work.
6 Conclusion
In this work, we presented a general study of the de-
polarisation dynamics of an arbitrary spin using tools
from quantum information theory. Considering that
the single spin-j results from the coupling of N = 2j
constituent spin-1/2 or qubits, we analysed depolar-
isation in terms of multiqubit states evolving in the
symmetric sector of the full Hilbert space. A sim-
ple analytical solution to the general master equation
(24) was obtained in the multipole operator basis and
exploited to find the states featuring the most rapid
decoherence, both for isotropic and anisotropic depo-
larisation.
In the case of isotropic depolarisation, we proved
that pure or mixed state entanglement between the
constituent qubits is a necessary condition for su-
perdecoherence to occur. This result suggests that
superdecoherence could be used as an entanglement
witness for multiqubit symmetric states, or equiva-
lently as a non-classicality witness for spin states. We
found a relationship between the initial decoherence
rate of pure states and their measure of anticoher-
ence [Eq. (48)]. This allowed us to identify a class
of maximally entangled pure states distinct from the
GHZ and Dicke states, known as anticoherent states,
which exhibit the highest initial decoherence rates and
lead to the states with the lowest purity at any time
(starting from a pure state). The entanglement of
these different families of states (see 2) and its evo-
lution over time was studied numerically. More pre-
cisely, the entanglement survival time, that we lower-
and upper-bounded using the PPT entanglement cri-
terion and a sufficient separability criterion based on
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the P -function, was shown to scale as 1/N with N the
number of qubits, consistently with the bound (59).
Although other families of states show the same scal-
ing (see Table 3), we found the entanglement of an-
ticoherent states to be more fragile to depolarisation
than for GHZ, W or even Dicke states. A detailed
analysis for a few qubits also showed that isotropic
depolarisation can lead to the dynamical creation of
bound entanglement across balanced bipartitions (see
e.g. Fig. 7). Then, we studied when a state enters the
ball of absolutely separable states of radius (18). The
states belonging to this ball are too mixed for any uni-
tary operation to create entanglement. It was found
that pure states with maximum order of anticoher-
ence enter this ball after a time roughly independent
of the number of qubits, in sharp contrast to other
states for which this time increases linearly with N .
This again points to the extreme fragility of entangle-
ment in anticoherent states against depolarisation.
In the case of anisotropic depolarisation, we first
related the initial purity loss rate to the variances of
the spin components in a pure state [Eq. (72)]. We
then showed for any spin that the maximum purity
loss rate at short times is achieved by the GHZ states
for γz > γ⊥z and by the balanced Dicke state for
γz < γ⊥z. As for the dynamics at longer times, we
have completely identified the pure states of N = 2
and N = 4 qubits that display the lowest purity af-
ter an arbitrary fixed time. The extremal states for
N = 4 were found to exhibit a transition from the
GHZ/balanced Dicke state to a parametric anticoher-
ent state given by Eq. (83).
Regarding the perspectives of this work, the entan-
glement dynamics for anisotropic depolarisation was
only touched upon and deserves further investigation.
In particular, the question remains whether entangle-
ment between the constituent qubits is a necessary
condition for superdecoherence to occur in this case.
Another perspective this work suggests is to analyse
the potential of anticoherent spin states, which we
have shown to be the most sensitive to isotropic de-
polarisation, for quantum parameter estimation and
quantum sensing strategies based on decoherence, in
line with the works [67, 68]. Finally, recent exper-
iments that exploit the electron spin of dysprosium
atoms whose ground state has an angular momentum
j = 8 suggests that some of the predictions made in
this work can already be verified in the laboratory [2].
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Examples of pure anticoherent states in the MPB
We give in Table 4 below examples of pure states with the maximum achievable order of anticoherence (taken
from Refs. [12,14,15,19]) expressed in both the standard angular momentum basis and the multipole operator
basis. These states are abbreviated as HOAP states in this work.
j q Pure q-anticoherent spin-j state and its non-zero state multipoles (*)
1 1
|ψ〉 = 1√2 (|1, 1〉+ |1,−1〉)
ρ00 = 1√3 , ρ20 =
1√
















ρ00 = 1√4 , ρ20 =
1








2 |2, 0〉+ |2,−2〉
)
ρ00 = 1√5 , ρ3−2 =
i
2 , ρ4−4 =
1























21 , ρ3−3 =
1









|ψ〉 = 1√2 (|3, 2〉+ |3,−2〉)





11 , ρ40 = −
√
7
22 , ρ6−4 = −
√
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11 , ρ8−8 =
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1287 , ρ40 =
4√






























13 , ρ9−9 =
1













ρ00 = 1√11 , ρ40 = 3
√
2




13 , ρ60 = −3
√
3
935 , ρ7−5 =
6√
221 , ρ80 = 2
√
22












Table 4: Examples of pure states with maximum order of anticoherence (HOAP states) for the smallest values of the spin
quantum number j, and their state multipoles. Here, q is the order of anticoherence of the state. (*) When a state multipole
ρL−M is non-zero, the same applies to ρLM due to the relation ρ∗LM = (−1)MρL−M . For the sake of simplicity, only the
state multipoles ρL−M with M > 0 are given in the table.
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A Master equation in the multipole
operator basis





M=−L. Our aim is to write the
master equation (24) in the multipole operator basis
(MPB) as defined below.
A.1 Multipole operator basis (MPB)
The multipole operator basis (MPB) is defined as the








Cj L jmM m′ |j,m〉 〈j,m
′| (85)
where N = 2j and Cj1 j2 jm1 m2 m is the Clebsch-Gordan
coefficient representing the probability amplitude that
the coupling of the two angular momenta j1 and j2
with projections m1 and m2 results in the angular
momentum j with projection m. The operator set
{TLM} forms an orthonormal basis of the space of
linear operators acting on H ' CN+1 verifying [31]







= δLL′δMM ′ ,
Tr [TLM ] =
√
N + 1 δL0δM0.
(86)
The multipole operators are irreducible tensor opera-
tors of rank L and component M [70].






with the state multipoles










at all times because of hermiticity and normaliza-
tion of ρ. Additional nonlinear constraints on the
components ρLM follow from the positivity of ρ, see




















In particular, for pure states,
∑
L,M |ρLM |
2 = 1, and
the |ρLM |2 can be seen as forming a set of discrete
probabilities.














or, using the master equation ρ̇(t) = L(ρ),





A.2 Depolarisation in terms of ρLM




2JαρJα − JαJαρ− ρJαJα
)
(93)
can be rewritten as
Dα(ρ) = −γα [Jα, [Jα, ρ]] . (94)
Let us first consider Dz(ρ). Using [31]
[Jz, TLM ] =
√










From CL 1LM 0M = M/
√
L(L+ 1), we conclude that
the state multipoles ρLM evolve under depolarisation
along z according to




= −γzM2ρLM (t) (96)
Next, we consider Dx(ρ). By writing Jx = (J+ +
J−)/2 and using the commutator [31]
[J±, TLM ] = ∓
√












2L(L+ 1) ρLM ×(














CL 1LM−1−1M−2 TLM−2 − CL 1LM−1 1M TLM
)
− CL 1LM 1M+1
(




Using the explicit formula for Clebsch-Gordan coefficients [31]
Ca b a+b−1αβ α+β = 2 (bα− aβ)
(
(2a+ 2b− 1) (2a− 1)! (2b− 1)! (a+ b+ α+ β − 1)! (a+ b− α− β − 1)!




















(L∓M)(L±M + 1)(L∓M − 1)(L±M + 2). (102)
A similar calculation for Jy = (J+ − J−)/(2i) yields













Eventually, by adding all three contributions (96),
(101) and (103), we get Eq. (27).
B Models of depolarisation
In this Appendix, we present models that provide a
physical basis for the master equation (24). A first
model, inspired from [26], is that of a spin system in-
teracting with a fluctuating magnetic field B(t). The
interaction Hamiltonian is
Hint = −µJ ·B (104)
where J = (Jx, Jy, Jz) and µ = µJ is the spin mag-
netic moment. We choose a coarse-graining time ∆t
for the evolution and make the assumption that this
time is much larger than the correlation time τc of the
fluctuations of the magnetic field. Then, assuming
white noise and isotropic magnetic field fluctuations,
the two-time correlation functions of the components
of B(t) are given by
Bα(t1)Bβ(t2) =
B2
3 τc δ(t1 − t2) δαβ (105)
where α, β = (x, y, z) and an overbar denotes the en-
semble average over realizations of the stochastic pro-
cess. Finally, if we make the Born approximation that
no correlations appear between the system and the
magnetic field, by taking the limit ∆t→ dt, it can be











where γ = τcω20/2 is the effective Larmor frequency
ω0 = µB/(
√
3~). The limit ∆t → dt is valid as long
as ∆t  τs where τs = 1/γ is the typical evolution
time of the system, hence τc  ∆t τs.
As a second model, we consider a collection of two-
level atoms of electric dipole moment d interacting
collectively with the electromagnetic field at thermal
equilibrium. This system is governed by the usual
















where γ0 = 4ω3|d|2/3~c3 is the spontaneous emission
rate and n̄ = (e~ω/kBT−1)−1 is the average number of
thermal photons at the atomic transition frequency ω.
The first line of Eq. (107) describes spontaneous and
thermally induced emission of photons while the sec-
ond line describes the absorption of thermal photons.
When kBT  ~ω, the average number of photons
n  1 and n + 1 ≈ n, so that the rates for emission
and absorption are roughly the same. In this case,












with γ⊥z = 2γ0n and thus provides a model for
anisotropic depolarization.
Finally, a third model is based on a weak contin-
uous measurement of the spin components. When
an observable A of a quantum system is continuously
measured with an apparatus and that the measure-









with γ > 0 a constant proportional to the strength of
the measurement. We immediately recognize the form
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of our dissipator (25). Thus, in order to obtain the
full master equation (24), the three collective spin ob-
servables Jx, Jy and Jz must be simultaneously sub-
jected to a continuous measurement. Because these
observables are not compatible, cross terms of the
form
[
Jα, [Jβ , ρ]
]
with α 6= β appear in addition to
the simple sum of terms of the form (109). However,
these extra terms can be neglected within the Born-
Markov approximation [75].
C Partial trace in the MPB
In this Appendix, we show that if ρ is an N -qubit























where, for clarity, we have added a superscript to
the multipolar operators indicating the number of
qubits. To prove the above result, we work in the spin-
coherent state representation (or symmetric separable
state representation). Denoting by |Ω〉 the state of a
qubit with Bloch vector pointing in the direction of
the unit vector n = (sin θ cosϕ, sin θ sinϕ, cos θ)T and
dΩ = sin θdθdϕ, the multipole operators read [76]
T
(N)




YLM (Ω) (|Ω〉〈Ω|)⊗N dΩ, (112)










In the coherent state representation, the partial trace
is readily performed because the partial trace of
(|Ω〉〈Ω|)⊗N over any set of N − q qubits is trivially











YLM (Ω) (|Ω〉〈Ω|)⊗q dΩ
(114)




















LM L 6 q,
0 L > q.
(115)
Equation (115) for L > q holds true because the inte-
gral ∫
YLM (Ω) (|Ω〉〈Ω|)⊗q dΩ (116)
vanishes for L > q, as can be seen by substituting
Eq. (8) for (|Ω〉〈Ω|)⊗q and using the orthogonality of
spherical harmonics. In (115), the prefactor of T (q)LM













In the end, by linearity of the partial trace, using
Eqs. (110), (115) and (117), we get (111). A similar
result to the one presented here was obtained in [77]
by a different method.
C.1 Purity of reduced density matrices
The purity of the q-qubit reduced density operator










































L(L+ 1) |ρLM |2








which is valid for any state ρ (pure or mixed). As the





it can be expressed in terms of state multipoles us-
ing (118).
D Evolution of purities
In this Appendix, we give analytical solutions to the
system of equations (45) for the purities, which we
reproduce below
Ṙ(ρ1) = −2γ [2R(ρ1)− 1] ,
Ṙ(ρ2) = −2γ [6R(ρ2)− 4R(ρ1)] ,
...
Ṙ(ρN−1) = −2γ[(N − 1)NR(ρN−1)







We start by noting that the first q < N equations of
(121) also form a closed set of equations. Therefore,
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the time evolution of R(ρq) depends only on the ini-
tial purities Rq(0), Rq−1(0), . . . , R1(0), where we have
used the shorthand notation Rq(0) for R(ρq(0)). The




























9 (2R1(0)− 1) e8γt
− 30R1(0) + 30R2(0) + 5 e12γt + 5
)
+ 12R1(0)− 30R2(0) + 20R3(0)− 1
]
.
The system of equations (121), supplemented with the
dummy variable R0 = 1 and the corresponding equa-
tion Ṙ0 = 0, can be written in matrix form as ṘT =
MRT with R = (R(0), RN−1(0), . . . , R1(0), R0(0))
and M a matrix with non zero entries only on the
main diagonal and the subdiagonal. The eigenval-
ues of M are therefore given by its diagonal elements
−2γq(q + 1) with q = 1, . . . , N . This explains the
decay rates appearing in Eqs. (D)–(D).
Furthermore, for pure initial states, it holds that
Rq(0) = RN−q(0) and the solution for R(ρ) can
be expressed solely in terms of the initial purities
RbN/2c(0), . . . , R1(0).
E Preservation of separability under
isotropic depolarisation
In this Appendix, we show that the dynamics gener-
ated by the master equation (24) for γx = γy = γz
preserves the separability of states, i.e. that a sepa-
rable state can only evolve into a separable state un-
der isotropic depolarisation. As the Hamiltonian part
only induces a rotation in the state space, it clearly
preserves the separability/coherence of a state. For
notational convenience, we set ~ = 1 in the follow-
ing. We start by rewriting the dissipative part of the
master equation as∑
α=x,y,z













We then follow the method of Gisin [78] to show that
certain quantum diffusion equations for spin relax-
ation preserve spin-coherent states. This method is
based on the unravelling of the master equation into
stochastic quantum trajectories and will allow us to
prove that both dissipators D±z are separability pre-
serving.
First, consider as in [78] the deterministic equation
for the relaxation of a spin
d|ψ〉
dt
= (〈Jz〉 − Jz) |ψ〉 (123)
If the initial state |ψ〉 is a coherent state (or sepa-
rable symmetric state in the language of multiqubit
systems), then at any later time the state will also be
coherent (and therefore separable). This is because a
state is coherent iff |〈J〉|2 ≡
∑
i=x,y,z〈Ji〉2 = j2, and
because |〈J〉|2 is a quantity conserved under spin re-







〈Ji〉 (2〈Ji〉〈Jz〉 − 〈{Ji, Jz}〉)
(124)
For a coherent state initially pointing in the direc-
tion of the unit vector n, we have 〈Jk〉 = jnk and







nk(nknz − δkz) = 0 (125)
As the direction z in Eq. (123) is arbitrary, the result
is equally valid for Jx and Jy. Moreover, a similar cal-
culation shows that it is also valid for jump operators
J±. The next step is to write a stochastic differential
equation (SDE) for the master equation (122). The
Stratonovitch SDE associated with D±z reads [79]
d|ψ〉 = √γ
[


























where the first line is the diffusion term and the second
and third lines are the drift terms. Then, due to the
relation J∓J± − J2z = j(j + 1)∓ Jz, we can write
〈J−〉J+ − 〈J−〉〈J+〉 = 〈J−〉(J+ − 〈J+〉)
〈J−J+〉+ 〈J2z 〉 − J−J+ − J2z = Jz − 〈Jz〉
so that Eq. (126) can now be written as a sum of terms
of the form (123) for the jump operators Jz and J+.
Both preserve spin-coherent states, which eventually
shows that a coherent state remains coherent when
subjected to isotropic depolarisation.
F Positivity of the P function
The set of coherent states forms an overcomplete basis
in which any state ρ can be expanded. This leads to
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the P -representation of ρ, which for multiqubit sym-
metric density matrices reads
ρ = N + 14π
∫
Pρ(Ω) (|Ω〉〈Ω|)⊗N dΩ. (127)
Here, the P -function Pρ(Ω) is a non-unique real
quasiprobability distribution over S2. When Pρ(Ω)
is non-negative for all Ω ≡ (θ, ϕ), the state (127) is
separable because it is a convex combination of sep-
arable symmetric states. The P -function being an
angular function, it can always be expanded over the
spherical harmonics. By truncating the expansion to
keep only spherical harmonics with orbital quantum
numbers L 6 N , we end up with an equally valid












(N − L)!(N + L+ 1)! ρLM (129)
with ρLM the state multipoles of ρ. Using Y00 =
1/(4π), ρ00 = 1/
√
N + 1, ρL−M = (−1)M ρ∗LM ,
YL−M = (−1)M Y ∗LM and the solution (32) for the
matrix elements in the case of isotropic depolarisa-















with β(N,L) = (−1)L
√
(N − L)!(N + L+ 1)!/(4π).
For an initial entangled state ρ, the corresponding
P -function, given by Eq. (130) with t = 0, is not
everywhere positive. However, after some time, the
exponentially decaying term in the right-hand side
of Eq. (130) becomes small enough to make the P -
function positive for all Ω. We define tP as the
minimum time after which this occurs, ensuring that
the state (127) is a convex combination of separable
states, hence is separable at t = tP . This also implies
that the state is separable for all t > tP because the
dynamics is separability preserving.
To estimate tP numerically, we computed a dis-
cretized version of the P function (130) for Ω =
(θ, ϕ) ∈ [0, π] × [0, 2π] sampled on a grid with res-
olution δθ = δϕ = 1/N3/4. Then we checked at
what time, with precision δt = 1/(4096
√
N), this dis-
cretized P function becomes everywhere positive.
G Decoherence rates for pure states





M=−L. Our aim is to evaluate,
for pure states, the decoherence rates of isotropic and
anisotropic depolarisation appearing in Eqs. (43) and
(70). Up to a constant factor, they are given by∑
L,M








We make use of the fact that















For ρ = |ψ〉〈ψ|, Eq. (120) can then be simplified with
the help of Eq. (131) into∑
L,M










can be expressed as a function of the sum of
the variances ∆J2α = 〈J2α〉 − 〈Jα〉2 of the spin com-
ponents Jα (α = x, y, z) in state ρ, a quantity also




∆J2α = j(j + 1)− |〈J〉|2 (133)
where j = N/2. The total variance quantifies the
overall level of quantum fluctuations of the spin. It is
minimal for spin-coherent states and maximal when
〈J〉 = 0 (in particular, this holds for pure anticoherent
states and for the maximally mixed state). In terms





= 1− V− j2j2 =
N(N + 1)− 2 V
N2
. (134)
This relationship allows us to rewrite the first deco-
herence rate (132) as∑
L,M
L(L+ 1) |ρLM |2 = 2
(









We then show that the second decoherence rate is
given, for pure states, by∑
L,M
M2 |ρLM |2 = 2 ∆J2z . (136)
The left-hand side of Eq. (136) can be obtained by
combining the commutator [Jz, TLM ] = M TLM with







of the MPB as




For a pure state ρ = |ψ〉〈ψ|, the left-hand side of
(137) is equal to 2∆J2z . Indeed, by expanding the
commutators, we get






Using (131), the first term is given by
Tr(J2z ρ2) = Tr(J2z ρ) = 〈J2z 〉 (139)
while the second term is given by
Tr(JzρJzρ) = Tr (Jz|ψ〉〈ψ|Jz|ψ〉〈ψ|)
= 〈ψ|Jz|ψ〉〈ψ|Jz|ψ〉 = 〈Jz〉2.
(140)
Eventually, for pure states, it holds that
Tr ([Jz, ρ][ρ, Jz]) = 2(〈J2z 〉 − 〈Jz〉2) = 2∆J2z .
Last, by substracting Eq. (136) from Eq. (135), we





|ρLM |2 = 2 (∆J2x + ∆J2y ).
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Quantum States : An Introduction to Quan-
tum Entanglement, 2nd ed. Cambridge Univer-
sity Press 2017.
[39] E. Wolfe and S. F. Yelin, Certifying Separability
in Symmetric Mixed States of N Qubits, and Su-
perradiance, Phys. Rev. Lett. 112, 140402 (2014).
[40] F. Campaioli, F. A. Pollock and K. Modi, Tight,
robust, and feasible quantum speed limits for open
dynamics, Quantum 3, 168 (2019).
[41] R. Uzdin and R. Kosloff, Speed limits in Liouville
space for open quantum systems, EPL 115, 40003
(2016).
[42] G. Strang, Linear Algebra and Its Applications,
4th ed. New York: Academic Press, 1980.
[43] G. Toth and O. Gühne, Entanglement and Per-
mutational Symmetry, Phys. Rev. Lett. 102,
170503 (2009).
[44] G. Toth and O. Gühne, Separability criteria and
entanglement witnesses for symmetric quantum
states, Appl. Phys. B 98, 617 (2010).
[45] K. Eckert, J. Schliemann, D. Bruß, and M.
Lewenstein, Quantum Correlations in Systems of
Indistinguishable Particles, Ann. Phys. 299, 88
(2002).
[46] M. Horodecki, P. Horodecki and R. Horodecki,
Mixed-State Entanglement and Distillation: Is
there a “Bound” Entanglement in Nature?, Phys.
Rev. Lett. 80, 5239 (1998).
[47] W. Dür and H.-J. Briegel, Stability of Macro-
scopic Entanglement under Decoherence, Phys.
Rev. Lett. 92, 180403 (2004).
[48] M. Hein, W. Dür and H.-J. Briegel, Entangle-
ment properties of multipartite entangled states
under the influence of decoherence, Phys. Rev. A
71, 032350 (2004).
[49] N. Johnston and E. Patterson, The inverse eigen-
value problem for entanglement witnesses, Linear
Algebra and its Applications 550, 1–27 (2018).
[50] G. Vidal and R. F. Werner, Computable measure
of entanglement, Phys. Rev. A 65, 032314 (2002).
[51] To compute the negativity for large num-
bers of qubits, we have adapted the function
sym2bipartite from QUBIT4MATLAB V5.5 [52]
to the Julia programming language.
[52] G. Toth, QUBIT4MATLAB V3.0: A program
package for quantum information science and
quantum optics for MATLAB, Comput. Phys.
Comm. 179, 430 (2008).
[53] To accurately estimate tNPT, the moment when
the negativity becomes zero, we had to work
with octuple precision floats. We worked with the
BigFloat type available in Julia for floating point
numbers of arbitrary precision, which uses the
GNU MPFR library.
[54] C. Simon and J. Kempe, Robustness of multi-
party entanglement, Phys. Rev. A 65, 052327
(2002).
26
[55] L. Aolita, R. Chaves, D. Cavalcanti, A. Aćın and
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